In a dense collision cascade of energetic ions with a solid, energy is deposited instantaneously in a very small region, leading to a disordered liquid-like state. An activated process for diffusion of energized atoms is assumed with a temperature distribution T(r,t), considering the effects of thermal conduction into a substrate and temperature-dependent thermal conductivity. A phenomenological model is developed that the mixing rate Dt is correlated with a heat of mixing ͑analogous to Darken's relation͒, and is linearly dependent with nuclear stopping power, instead of a power-law dependence. This resolves the problem of Seitz and Koehler's 1956 model, and many succeeding publications.
INTRODUCTION
The concept of a thermal spike has been discussed for over 4 decades, to describe the interactions of energetic irradiation in a solid, followed by a dense collision cascade. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] In the thermal spike condition, the average density of kinetic energy ͑per atom͒ is in the eV range through a very small region for several picoseconds. 2, 5, 8 For heavy ion bombardments and heavy matrices (ZϾ20͒, where dense collision cascades are most likely, and where ion-beam-enhanced diffusion is suppressed by implantation at low temperature, 5, 11 many studies of ion mixing have shown that the bilayer mixing rates cannot be explained by a purely collisional model. Experiments have shown correlations between the mixing rate and a thermodynamic characteristic, the heat of mixing ⌬H mix . 6, [12] [13] [14] Johnson et al., 6 based on Seitz and Koehler 2 and Vineyard's 4 thermal spike approaches, have proposed a model that mixing rates are linearly related to the heat of mixing, similar to Darken's relationship. However, their model predicted a power-law dependence of the mixing rates Dt on nuclear stopping power, which contradicts basic concepts and the results of numerous ion-mixing experiments. 5 While an approach without invoking thermal spikes has been proposed for ion-beam mixing studies, 15 molecular-dynamics ͑MD͒ computer simulations have demonstrated the role of thermal spikes in energetic collision cascades-local melting in a cascade occurs for several ps range, and a majority of atomic mixing occurs by the diffusion in the locally melted region. 8 In this article, the approach of a thermal spike based on heat conduction and chemical-rate theory for ion mixing [2] [3] [4] 6 are revisited to correctly predict the dependences of mixing rates on the nuclear stopping power and heat of mixing by an analytic ͑mean-field͒ method.
In a dense collision cascade, energy is deposited instantaneously in the range of several hundred eV, the energy of which dissipates into an increasing number of atoms. A thermal spike is described for extremely small volume, ϳ10 nm radius for a cylindrical spike, where all atoms are essentially in motion with ϳ0.1Ϫ1 eV/atom energy density. 8 By considering the Maxwell-Boltzmann distribution in the energized cascade region, the concept of temperature may be considered.
MIXING MODEL
In a linearized model, 2,4,6 a simple analytical solution for an effective temperature has been obtained for a cylindrical thermal spike. The equation for heat conduction in a uniform medium with thermal conductivity and heat capacity per unit volume C is
which is the simple form of heat conduction, assuming and C are temperature independent at such a wide temperature range. We consider that in the spike, energy is suddenly introduced at tϭ0 along an infinite straight line at constant energy density ⑀ per unit length ͑sum of nuclear and electronic stopping powers͒. The initial distribution of added internal energy per unit volume is ⑀ ␦ 2 (r), where r is the distance perpendicular to the line, and ␦ 2 (r) is the twodimensional delta function. Assuming zero initial temperature ͑0 K͒ for the substrate, the usual solution for Eq. ͑1͒ for temperature distribution by a line source with constant conductivity and heat capacity becomes
͑2͒
However, this linearized solution for the temperature distribution, combined with a thermally activated process for diffusion, yields a power-law dependence 4, 6 for the mixing rates Dtϰ⑀ 2 , instead of the expected linear dependence Dtϰ⑀ 5 ͑when the heat of mixing is zero͒. 5 The nonlinear heatconduction equation by Vineyard 4 still resulted in a powerlaw (⑀ 2 ) dependence. This apparent power-law dependence problem may arise by neglecting heat flow into the substrate in a thin-film geometry, and is due to the linearized heat conduction equation with temperature-independent thermal conductivity. Additional time dependence t Ϫ1/2 in the prefactor of Eq. ͑2͒ can incorporate the heat flow into the substrate, since the temperature from a point source is related to (C/t) 3/2 exp (ϪCr 2 /4t). In Eq. ͑1͒, the heat capacity C is almost temperature independent ͑approximately 3k B per atomic volume where k B ϭ8.617ϫ10 Ϫ5 eV/K͒. However, the thermal conductivity varies strongly as a function of temperature, both in solid and liquid states. 16, 17 Incorporating this temperature dependence into the heat-conduction equation for an analytic solution is not possible. It is however evident that the temperature decays much faster at a later time than in the linearized case, because of a lower thermal conductivity at a higher temperature. Therefore, we may consider a second additional time dependence t Ϫ1/2 in the prefactor of Eq. ͑2͒, at least qualitatively, to incorporate this fact, using an effective thermal conductivity . Justification for an exact exponent for T(r,t) will only be accessible by MD simulations with realistic atomic potentials. 8 Considering these two effects, a modified temperature during the thermal spike is introduced as
where t o is a starting time for the collision cascade
with t o Ӎ0.05 ps, and r o on the order of atomic distances. Equation ͑3͒ satisfies the initial condition of the temperature ͑with zero initial temperature for the substrate͒
Diffusion of atoms, mainly controlled by migration, in a disordered liquidlike phase with ϳ0.1Ϫ1 eV/atom energy density, may be considered for a thermal spike. Assuming a thermally activated process by A exp(ϪQ/k B T) for the jump rate ͑per unit volume and time͒ with A and Q independent of temperature, the total number of jumps induced by one collision cascade, ͑per unit length͒, is
Changing variables by
the total number of jumps per unit length becomes
This linear dependence on the energy scale, both the energy deposited per unit length ⑀ and the activation enthalpy for migration Q, distinguishes this model from the previous thermal spike models. 2, 4, 6 Atomic diffusion controlled by relatively low migration enthalpy may occur while the temperature is above the melting ͑or glass transition͒ temperature. Below this, a diffusional process would require both formation and migration enthalpies. In general, the formation enthalpy for atomic diffusion is larger than the migration enthalpy. The lifetime of thermal spike is approximately 10 ps, 2, 5, 8 and the corresponding range for the variable in Eq. ͑7͒ is up to ϳ100 ͑unit-less͒. Therefore, the integration over time in Eq. ͑8͒ can have infinity as its upper limit. (Ӎ100 has been obtained with Ӎ0.5 W cm Ϫ1 K Ϫ1 , ⑀Ӎ5 keV/nm, and QӍ1 eV, which is discussed later.͒
The ion-beam mixing analysis performed here within the thermal-spike model is consistent with the MD simulations by Diaz de la Rubia et al., 8 with cascade energies of 3 and 5 keV in Cu at 0 K implantation temperature ͑with Gibson-II Born-Mayer potential for Cu͒. The central region of cascade shows considerable disorder; the disordered region first grows in size and later shrinks, disappearing at ϳ8 ps. The radial distribution function at 1.1 ps is very similar to that of equilibrium liquid Cu. Also, the majority of the atomic mixing occurs in the melted region, and is not associated with Frenkel pair production. The temperature in the center of the cascade decays from initially ϳ10 000 K to ϳ1000 K within 2 ps ͑with T m ϭ1000 K͒. And, within the first 2 ps, the cascade diffusion coefficient agrees closely with liquid-state diffusion, ϳ10
Ϫ4 cm 2 /s, with the mean temperature of ϳ1500 K. This again confirms the local-melting interpretation of the cascade thermal spike. The temperature variation at the beginning is too rapid for a meaningful diffusion coefficient to be obtained for T/T m Ͼ1.5. The diffusivity is found to be essentially zero for temperatures below ϳ0.75 T m . The approximation of a thermally activated process A exp (ϪQ/k B T) for the jump rate ͓for Eq. ͑6͔͒ is valid because of this rapid temperature quench, with a single activation enthalpy Q on the order of 1 eV. The MD simulations also show that the total atomic mixing lengths per individual cascade are around 200, 300, 500, and 900 nm 2 , respectively, for implantation temperatures at 0, 0.3, 0.5, and 0.7 T m ͑where T m ϭ1000 K͒, showing ion-beam enhanced diffusion.
A more general form of the temperature distribution may be considered to determine the dependence of ⑀ and Q on mixing rates. Assume that
where ⌫ is a gamma function, and n and m are any positive numbers. With a thermally activated process ͓Eq. ͑6͔͒, and by changing variables by
this generalized temperature, Eq. ͑9͒, yields the total number of jumps as
͑11͒
For nϭ1, (1,m)ϰA⑀/Q, while it can be confirmed that (1,1) becomes the same as Eq. ͑8͒. For nϭ0 and mϭ1, as treated by previous models 2, 4, 6 , Eq. ͑11͒ becomes ͑0,1͒ϭ
showing the power-law dependence on the energy scale, ⑀ and Q. Based on the linear dependence of mixing rates on ⑀, the time dependence of t Ϫ2 in the prefactor of temperature distribution in Eq. ͑9͒ ͓or Eq. ͑3͔͒ is justified, instead of the linearized solution of heat conduction Eq. ͑2͒ having the time dependent prefactor of t Ϫ1 . The effect of thermodynamic heat of mixing (⌬H mix ) can be incorporated for the ion-beam mixing rates. By Darken's analysis for the chemically modified diffusion, based on mean-field theory and linear-response approximation, combined with a regular solution model, the diffusivity is corrected by the term (1Ϫ2⌬H mix /k B T). 18, 19 This linear response is reasonable 20, 21 since ⌬H mix рk B T within a thermal spike. Therefore, the jump rate at temperature T is given by A exp(ϪQ/k B T)(1Ϫ2⌬H mix /k B T), instead of pure random walk diffusion A exp(ϪQ/k B T). Therefore, the total number of jumps by one spike per unit length is given by
͑13͒
With Eq. ͑3͒ ͓which is equivalent to nϭ1 and mϭ1 in Eq. ͑9͔͒, this yields
͑14͒
By an ion dose ͑per unit area͒ of implantation, the total number of jumps is related to Ϫ1 , where is the atomic density of materials ͑per unit volume͒. Since the diffusional jump distance is almost equal to
, the square of the mixing lengths of the interface Dt is Ϫ1 ϫ Ϫ2/3 by the ion dose . Therefore, with Eq. ͑14͒, the mixing rates are related to
͑15͒

DISCUSSION AND CONCLUSIONS
This phenomenological model of ion mixing by thermal spikes and activated processes, Eq. ͑15͒, can be verified with the experimental results. In a typical lattice, the time required for thermal energy to be transmitted from one atom to its neighbor is on the order of 10 , and ⑀Ӎ5 keV/nm͒. This value is almost equivalent to the experimental data. [12] [13] [14] In summary, the problem of power-law dependence on the stopping power (⑀) for the mixing rates is resolved with the modified temperature distribution in the thermal spike condition, T(r,t)ϰt Ϫ2 exp(ϪCr 2 /4t), which is distinct from the linearized heat conduction equation. This correction factor can be explained qualitatively from the effects of thermal conduction into a substrate and temperature-dependent thermal conductivity, even though more convincing arguments need to be developed for this Ansatz. The phenomenological model predicting the mixing rates being proportional to ⑀/Q (1Ϫ2⌬H mix /Q) is remarkably consistent with the experimental results. However, limitations of a thermal spike concept need to be examined to better understand this longstanding nonequilibrium problem of energetic ion-beam mixing from a dense collision cascade.
